Abstract. The Haagerup property, which is a strong converse of Kazhdan's property (T ), has translations and applications in various fields of mathematics such as representation theory, harmonic analysis, operator K-theory and so on. Moreover, this group property implies the Baum-Connes conjecture and related Novikov conjecture. The Haagerup property is not preserved under arbitrary group extensions and amalgamated free products over infinite groups, but it is preserved under wreath products and amalgamated free products over finite groups. In this paper, we show that it is also preserved under graph products. We moreover give bounds on the equivariant and non-equivariant L p -compressions of a graph product in terms of the corresponding compressions of the vertex groups. Finally, we give an upper bound on the asymptotic dimension in terms of the asymptotic dimensions of the vertex groups. This generalizes a result from Dranishnikov on the asymptotic dimension of right-angled Coxeter groups.
Introduction
A graph product is a natural group-theoretic construction generalizing free products and direct product. The main examples of graph products are right-angled Artin and Coxeter groups.
Many properties that are stable under free and direct products are also stable under graph products. Some examples of these properties are left-orderability and bi-orderability [5] , soficity [6] , rapid decay [7] , residual finiteness [15] , linearity [22] , semihyperbolicity and automaticity [19] or the Tits alternative [1] , just to name a few.
The motivation of this paper is to answer the following question.
Question 1.1. Is the Haagerup property stable under graph products?
We answer this question affirmatively, even when we consider actions on L p -spaces instead of restricting to actions on Hilbert spaces. Our answer is also quantitative, that is we measure "how Haagerup" the graph product is, and "how distorted" a coarse embedding of a graph product into an L p -space needs to be. This is done by studying the compression functions of equivariant and non-equivariant embeddings of graph products in L p -spaces.
Finally, we also study the behavior of the asymptotic dimension under graph products of groups, generalizing a result from Dranishnikov [12] . This is related to coarse embeddability since groups of finite asymptotic dimension coarsely embed in Hilbert spaces [27] .
The equivariant L p -compression α * p (G) of G is defined as the supremum of R(f ) taken over all G-equivariant coarse embeddings of G into all possible L p -spaces. Taking the supremum of R(f ) over all, also non-equivariant, coarse embeddings, leads to the (non-equivariant) L p -compression α p (G) of G. If there is no (G-equivariant) coarse embedding of the group into an L p -space, then we define the (equivariant) compression to be 0. One can show that the above definitions do not depend on the chosen finite generating subset.
Equivariant and non-equivariant compression are related to interesting group theoretic properties. Indeed, based on a remark by M. Gromov, it was shown that the equivariant and non-equivariant L 2 -compression are equal for amenable groups (see [9] ). Moreover, if the equivariant L p -compression of a finitely generated group is greater than max( ), then the group is amenable [24] . This provides a partial converse to the statement that amenable groups satisfy the Haagerup property. In the non-equivariant setting, we have the result that finitely generated groups with nonequivariant L 2 -compression greater than 1/2 satisfy non-equivariant amenability, i.e. property A (which is equivalent to exactness of the reduced C * -algebra) [18] .
1.2. Graph products. Let Γ be a simplicial graph (i.e. without loops or multiple edges). We will use V Γ and EΓ to denote the set of vertices and the set of edges of Γ respectively. An edge can be considered as a 2-element subset of V Γ. When Γ has no edges, ΓG is a free product, and when Γ is a complete graph, ΓG is a direct product of the groups G v , v ∈ V Γ. Graph products were first introduced and studied by E. Green in her Ph.D. thesis [15] .
When all vertex groups are infinite cyclic, ΓG is a right-angled Artin groups (also known as graph group or pc-group) and when all vertex groups are cyclic of order two, ΓG is a right-angled Coxeter groups.
The structure of graph products can be described in terms of simpler graph products using amalgams (see Lemma 5.2) or semi-direct products (see Lemma 5.3). Dadarlat and Guentner showed that the class of finitely generated groups embedding coarsely into a Hilbert space is closed under direct products and amalgamated free products [10] . This implies that this class is also closed under graph products. On the other hand, the class of groups with the Haagerup property is not closed under amalgamated free products over infinite groups. Similarly, it is also not closed under general group extensions. So in the light of Lemmas 5.2 and 5.3, it is surprising that the Haagerup property is invariant under graph products! Our proof makes crucial use of normal forms of graphs products, which, in some sense, reveal the CAT(0) cubical geometry behind these groups.
In this respect, we mention another interesting result due to de Cornulier, Stalder and Valette [8] . They show that the Haagerup property is stable under wreath products although it is not stable under general group extensions.
1.3. Outline and main results. It was proven by Niblo and Reeves [25] that groups acting properly on finite dimensional CAT(0) cube complexes have the Haagerup property. In particular, right-angled Artin groups have the Haagerup property.
In Section 3, we construct a proper affine isometric action on a Hilbert space of a graph product of groups with the Haagerup property. Our main Theorem 3.5 below gives a new proof for right-angled Artin groups to be Haagerup which is independent from the one of [25] .
Theorem 3.5. Let p ≥ 1, Γ be a simplicial countable graph and G = {G v | v ∈ V Γ} a collection of discrete groups. The graph product G = ΓG admits a proper affine isometric action on an L p -space if and only if all the groups G v admit proper affine isometric actions on L p -spaces.
In particular a graph product of groups having the Haagerup property has the Haagerup property.
Next, in Section 4, we study the equivariant L p -compression of graph products in terms of the equivariant compression of the vertex groups. Our main result of this section (Theorem 4.7) implies the following corollary.
Corollary 4.9. Let G = ΓG be a graph product containing a quasi-isometrically embedded non-abelian free group. The equivariant L p -compression of G satisfies
In Section 5, we drop the condition that the embedding of G in an L p -space is Gequivariant and we study the compression for any coarse embedding of G into an L pspace. We describe possible compression functions in Theorem 5.7. As an immediate corollary, we obtain the value of the non-equivariant L p -compression, for G = ΓG in terms of the non-equivariant L p -compression of the vertex groups. Precisely, Corollary 5.8. Let Γ be a finite graph, G a collection of finitely generated groups indexed by V Γ and G = ΓG the corresponding graph product. For each p ≥ 1, we have
Dranishnikov [12] proved that right-angled Coxeter groups have finite asymptotic dimension and gives an upper bound. In Section 6, using the techniques of [12] , we show the following. Theorem 6.3. Let Γ be a finite simplicial graph and let G be a family of finitely generated groups indexed by vertices of V Γ. Let G = ΓG. Let C be the collection of subsets of V Γ spanning a complete graph. Then
Graph products
Let Γ = (V Γ, EΓ) be a simplicial graph. For any subset A ⊆ V Γ, we will denote by Γ A the full subgraph of Γ with vertex set A. That is, V Γ A = A and for a 1 , a 2 ∈ A, {a 1 , a 2 } ∈ EΓ A if and only if {a 1 , a 2 } ∈ EΓ.
The link of a vertex v ∈ V Γ, denoted link Γ (v), is the subset of vertices adjacent to v (excluding v itself); in other words, link Γ (v) := {u ∈ V Γ | {v, u} ∈ EΓ}. The star of a vertex v ∈ V Γ , denoted star Γ (v), is the subset of vertices adjacent to v including v itself. Therefore star
Let G = {G v | v ∈ V Γ} be a collection of groups and let G = ΓG be the graph product of G with respect to Γ. It is clear from Definition 1.5 that the vertex groups are isomorphically embedded in the graph product.
Also, Definition 1.5 implies that the set ⊔ v∈V Γ G v is a generating set for G. Thus, any element g ∈ G may be represented as a word W ≡ (g 1 , g 2 , . . . , g n ) where each g i , called a syllable of W , is an element of some
. . , g n ) be a word and suppose that for every 1
The normal form theorem ( [15, Thm. 3.9] or [22, Thm 2.5]) states that every element g ∈ ΓG can be represented by a reduced word and a reduced word represents the identity if and only if it is the empty word.
Let g ∈ G and W ≡ (g 1 , . . . , g n ) be a reduced word representing g. We define the syllable length of g in G to be |g| Γ = n. This is well defined and independent of the chosen reduced word representing g.
For any subset A ⊆ V Γ, the subgroup G A G, generated by {G v | v ∈ A}, is called special ; according to a standard convention, G ∅ = {1}. Every G A is the graph product of the groups {G v | v ∈ A} with respect to the graph Γ A . It is also easy to see that there is a canonical retraction ρ A : G → G A defined (on the generators of G) by ρ A (g) := g for each g ∈ G v with v ∈ A, and ρ A (h) := 1 for each h ∈ G u with u ∈ V Γ\A.
Equivariant embeddability of graph products
The main result in this section is Theorem 3.5, where given p ≥ 1, a finite graph of groups Γ and corresponding proper affine isometric actions of the vertex groups on L p -spaces, we construct explicitly a proper affine isometric action of ΓG on an L p -space. The second author gave such a construction in the free product case which was later generalized to amalgamated free products over finite groups by the second author jointly with Thibault Pillon. Independently, the same construction was also given by Micha l Marcinkowski.
Definition 3.1. Let V be a vector space. The affine group of V is the group
Let G be a discrete group. An affine action of G on a vector space V is a group homomorphism (π, b) :
Suppose that (V, · ) is a normed vector space. Saying that the action (π, b) is isometric boils down to saying that the linear part is an isometry, i.e. π(g)(v) = v for all v ∈ V and g ∈ G. The action is proper if for every M > 0 and every v ∈ V there is a finite subset 
There exists an affine isometric action (τ, β) of G on an L p -space satisfying that for every g ∈ G and every reduced word (g 1 , . . . , g n ) representing g
where
Note that each vertex group G v admits a unitary action π v on A v and so by defining the action of G v on A ⊖ A v to be trivial, we can extend this action to an action π v of G v on A. Given any word (g 1 , g 2 , . . . , g n ) representing g, we then define
where g i ∈ G v i . This is clearly a linear isometry of A and defines a group homomorphism π : G → GL(A).
. We are going to build an affine isometric action on the L p -space ⊕ p t∈T A. Formally we will consider the isomorphic space
We define a linear action τ :
An easy calculation shows that this action is also isometric, i.e.
For a ∈ A and t ∈ T , let aχ t denote the element of A given by aχ t (t
We are going to build a 1-cocycle for τ . To this end, given v ∈ V , denote first
We extend β to a function β : G → A using the 1-cocycle relation. We need to check that β is well defined. For that, we need to show that
In order to simplify the exposition, we allow ourselves to abusively write b v (g) for i v (b v (g)) when there is no risk for confusion.
(WD1). We have that for all
as required. This completes the proof of (WD1).
(WD2). By the 1-cocycle relation
This completes the proof of (WD2).
Let W ≡ (g 1 · · · g n ) be a reduced word over the alphabet ⊔ v∈V G v . Suppose that for i = 1, . . . , n, g i ∈ G v i . Then using the 1-cocycle relation we get that
We claim that for all 1
, which contradicts the fact that W is reduced (recall (1)).
We conclude that
as required.
Lemma 3.4. Let (π, b) be a proper affine isometric action of some group G on an L p -space. Let C > 0 be any real number. Then there exists a proper affine isometric
Proof. Let π 1 be the natural isometric action of G on ℓ p (G) by left translation. For a ∈ C and g ∈ G, let aχ g be the sequence given by aχ g (h) = a if g = h and zero otherwise. Set b 1 (g) = Cχ g − Cχ 1 , this is a 1-cocycle for π 1 and
We can now prove the main result of this section.
Theorem 3.5. Let p ≥ 1, Γ be a countable simplicial graph and G = {G v | v ∈ V Γ} a collection of discrete groups. The graph product G = ΓG admits a proper affine isometric action on an L p -space if and only if all the groups G v admit proper affine isometric actions on L p -spaces.
Proof. Since admitting proper affine isometric actions is inherited by subgroups the only if part is clear. Conversely, we assume that every vertex groups admits a proper affine isometric action (
Enumerating the vertices of Γ as {v 1 , v 2 , . . .}, we can use Lemma 3.4 to assume that
for any i. Fix any M > 0 and assume
we have by Equation (5) that g i / ∈ G v j for j > M, so the g i lie in finitely many vertex groups. By properness of the b v , there are only finitely many choices for the elements g i . Hence, the set {g ∈ G | β(g) < M} is finite and β is a proper 1-cocycle.
In particular, setting p = 2, we obtain the following as an immediate corollary. Corollary 3.6. Let Γ be a countable simplicial graph and G = {G v | v ∈ V Γ} a collection of discrete groups with the Haagerup property. Then G = ΓG, equipped with the discrete topology, has the Haagerup property.
The behaviour of equivariant compression under graph products
In [18] , the authors introduce a numerical invariant called equivariant compression to quantify how Haagerup a finitely generated group really is. This invariant can also be studied for equivariant embedding of groups into Banach spaces in general.
The equivariant L 2 -space compression contains interesting information about the group: e.g. α * 2 (G) > 1/2 implies amenability of G (see [18] ).
In the Introduction, we defined the equivariant compression by considering all Gequivariant coarse embeddings of a group G into L p -spaces. Note that when f is a G-equivariant coarse embedding associated to α = (π, b), then the distance b(g) − f (g) = b(1) − f (1) , so R(f ) = R(b). One could thus equivalently define the equivariant compression as the supremum of R(b) taken over all 1-cocycles associated to linear isometric actions of G on L p -spaces.
Naor and Peres computed in [24, Remark 2.2] the exact value and we record it in the next lemma for future use. Lemma 4.2. Let F 2 denote the non-abelian free group on two generators. Then α * p (F 2 ) = max(1/2, 1/p) for p ≥ 1. Proposition 4.3. Let Γ be a finite graph and let G = {G v | v ∈ V Γ} be a family of finitely generated groups. For each v ∈ V Γ, let X v be a finite generating set of G v and set X = ∪X v , a finite generating set of G = ΓG.
Choose p ≥ 1 and let ρ : R + → R + be a non-decreasing function such that ρ p is sub-additive, i.e. that ρ(x + y) p ≤ ρ(x) p + ρ(y) p for all x, y ≥ 1. Assume moreover that there is a constant C > 0 such that ρ(x) ≥ C for every x ≥ 1.
If for every
where | · | Xv is the word length distance on G v with respect to X v , then there is an affine isometric action of G on an L p -space with compression function ρ.
Proof. Let g ∈ G and suppose that W is a reduced word over
and that h i is an element of the group G v i . Notice that |g| X = |h i | X i where h i ∈ X i and also for g ∈ G v , |g| X = |g| Xv .
Since
so ρ is a compression function for G.
We obtain the following immediate corollary.
Corollary 4.4. Let Γ be a finite graph and consider the graph product G = ΓG where
Proof. The case α = 0 is trivial, so we may assume there is ǫ > 0 with α > ǫ > 0. Assume that each ρ v is a compression function of some 1-cocycle b v associated to a linear isometric action π v of G v on an L p -space. By Lemma 3.4, we can assume that there is a constant C > 0 such that b v (g) ≥ C > 0 for every v ∈ V, g ∈ G v . More precisely, we can assume that ρ v : r → 1 Cv r α−ǫ (see Lemma 2.1 in [14] where the role of b v is played byf ). Let ρ : R → R, r → min(ρ v (r) | v ∈ V ). As α ≤ 1/p, ρ p is sub-additive. So, by Proposition 4.3, we conclude that ρ is a compression function associated to a proper affine isometric action of G on an L p -space. By definition of compression, we can let ǫ go to 0 and conclude that α *
Given groups G 1 , G 2 with equivariant Hilbert space compression α * 2 (G i ) = α i , i = 1, 2, it follows from [14] that the equivariant Hilbert space compression α * 2 (G 1 * G 2 ) is equal to min(α 1 , α 2 , 1/2) unless G 1 and G 2 are both cyclic of order 2 (in which case the equivariant compression is 1, as we have seen in Example 4.1). The fact that α * 2 (G 1 * G 2 ) ≥ min(α 1 , α 2 , 1/2) also follows from our Corollary 4.4. Moreover as α 2 ) . In order to prove that 1/2 is also an upper bound, the author uses that, when G 1 and G 2 are not both cyclic of order 2, then G 1 * G 2 contains a quasi-isometrically embedded copy of the non-abelian free subgroup F 2 (this follows from Britton's lemma and basic Bass-Serre tree, see the beginning of the proof of Theorem 4.9 in [14] for more info). Hence, α * 2 (G) ≤ α * 2 (F 2 ) = 1/2. In the case of graph products, one can easily find quasi-isometrically embedded free groups if one restricts to irreducible graphs. Let us introduce this concept. If the graph is not reducible then it is called irreducible.
Note that when Γ is reducible, say
) (see [18] ). In order to calculate the equivariant L p -compression of G, we may thus assume, without loss of generality, that Γ is irreducible. Also, if some of the vertex groups are trivial, we can consider the subgraph Γ ′ of Γ that omit them and obtain an isomorphic group. In order to simplify the exposition, but without loss of generality, we will henceforth assume that all vertex groups are non-trivial. Lemma 4.6. Let Γ be a finite irreducible graph and consider the graph product G = ΓG where G = {G v | v ∈ V Γ} is a collection of non-trivial groups. If |V Γ| ≥ 2, then G contains a quasi-isometrically embedded non-abelian free subgroup unless G = Z 2 * Z 2 .
Proof. Suppose first that |V Γ| = 2. Then, since Γ is irreducible, there is no edge joining the vertices and G is a free product of the vertex groups. If one of both vertex groups is not cyclic of order 2, then G contains a copy of F 2 .
Suppose now that |V Γ| ≥ 3. Let v ∈ V Γ. If link Γ (v) is empty, then G = G v * G V Γ\{v} and by hypothesis none of the factors is trivial, and G V Γ\{v} is not cyclic of order two. Hence, it contains a non-abelian free subgroup.
Assume next that link
As G v × G w has more than two elements, we have that G contains a quasi-isometric copy of the non-abelian free group F 2 .
We summarize the results of this section in the next theorem which deals with graph products over any finite graph.
Theorem 4.7. Let p ≥ 1, Γ be a finite simplicial graph and G = {G v | v ∈ V } a collection of non-trivial, finitely generated groups. Let A 1 , . . . , A n ⊆ V Γ, such that Γ A i is a non-empty irreducible subgraph of Γ and
Proof. The formula for α * p (G) follows from the fact that the direct sum of proper affine isometric actions of the G A i 's gives a proper affine isometric action of G A 1 × · · · × G An [18] . The formulas for (i) and (ii) are clear. The formula for (iii) follows from Corollary 4.4 and from Lemma 4.6 in combination with α * p (F 2 ) = max(1/2, 1/p) as we recorded in Lemma 4.2 and the fact that for any quasi-isometrically embedded subgroup H of a group K, α * p (H) ≥ α * p (G). Remark 4.8. Note that for 1 ≤ p ≤ 2, the inequalities in (iii) in the above result become equalities. In particular, this applies to the much studied case p = 2, i.e. we have an explicit formula for the equivariant L 2 -compression of the graph product in terms of the equivariant L 2 -compressions of the vertex groups.
The behaviour of non-equivariant compression under graph products
So far, we have quantified how fast 1-cocycles associated to linear isometric actions on L p -spaces go to infinity. Instead of only considering 1-cocycles, we now consider arbitrary Lipschitz maps of the group into any L p -space (p ≥ 1). We recall the following definitions from the Introduction. Notice that α p is invariant under quasi-isometry.
Before proving the main theorem of this section, we need some more facts about graph products. 
The next lemma is well-known and uses standard Bass-Serre theory, (see [11] or [29] ). We give a proof for completeness.
and T v be a transversal for the right multiplication action of G Cv on G Av .
(1) The following sequence
is exact and splits.
sponding to the split extension, where
. Let l Wv denote the word length in W v with respect to
For the sake of simplicity, when we index free products or sets with g ∈ G A /G C , we mean that g runs through some transversal for G A /G C .
Proof. (1). For simplicity we just write A and C instead of
Let X be the graph with vertices {p, q} and edge e connecting p to q. We form a graph of groups (X, G(−)) by setting G(p) = G A , G(q) = G B and G(e) = G C . The fundamental group of this graph of groups is G and let T be the corresponding Bass-Serre tree. In particular, T has vertices {gp} g∈G/G A ⊔ {gq} g∈G/G B and edges {ge} g∈G/G C . The edge ge connects hp and kq if gG C ⊆ hG A and gG C ⊆ kG B .
Let K denote the kernel of ρ A . Notice that the stabiliser of vertex of T of the form gp is gG A g −1 . Since ρ A | gG A g −1 is injective, K acts freely on the vertices {gp} g∈G/G A and on the edges {ge} g∈G/G C of T . For the vertices of the form gq, the stabiliser is
The graph K\T has two types of vertices. For one side, we have vertices of {Kgp} g∈K\G/G A . Since K\G/G A ∼ = G A /G A there is only one of this form. For the other side, there are vertices of the form {Kgq} g∈K\G/G B . Since G B = G v × G C , and G v K, we have that K\G/G B = G/KG C ∼ = G A /G C . So we have G A /G C vertices of the form Kgq. It is easy to check that the set of edges {Kge} g∈K\G/G C of K\T is in bijection with G A /G C and an edge Kge connects the vertex Kgq, g ∈ G A /G C with the unique vertex Kgp. By Bass-Serre theory, K is a free product * g∈G A /G C gG v g −1 .
Clearly, the sequence is split, since ρ A is a retraction.
(2). It is easy to describe the isomorphism between G and W v ⋊ G Av as follows: extend the map
defined on the generators of G, to the isomorphism of groups φ v .
Henceforth, we write
Given z ∈ G, write it as a reduced product of elements of the G v i . Group together the elements of
. . g a n where the f i are products of elements of X v and the g a i lie in G A . Then (7) w
None of the g a i lie in G C (where C is the link of v), because we started with a reduced product of elements of the G v i . Hence, any two consecutive factors (g
−1 in the product of Equation (7), lie in factor groups of
is equal to the number of G vletters appearing in a reduced word over X representing z. Thus
for all z ∈ G.
5.1. The main result. We define the Property (C 
We will only consider such functions with f (0) = 0. So, in order to simplify the proof of our Lemma 5.5 below, we add the condition f (0) = 0 as part of our definition of concavity. Let f : N → R ≥0 be a concave function satisfying Tessera's property (C p ),
We say that f satisfies C c p if, in addition,
is non-decreasing for all n sufficiently large.
Proof. Fix any a, b ∈ N and assume without loss of generality that a ≤ b. By concavity, we have for any i ∈ N that
Letting i vary from 0 to b − a and summing the so obtained b − a + 1 inequalities, we obtain
. As this holds for any a, b ∈ N, we have
as desired.
Our main result of this section is the following.
Theorem 5.7. Let Γ be a finite simplicial graph, G = {G v | v ∈ V Γ} a family of groups each of them generated by a finite set X v , and G = ΓG the corresponding graph product. Suppose that all the groups G v are uniformly coarsely embeddable in an L p -space, i.e. each group G v admits a coarse embedding f v into an L p -space and there is a concave map ρ ′ : N → N with lim t→∞ ρ ′ (t) = +∞ such that
where d v is the word length distance on G v associated to X v .
where ρ(n) = min(ρ ′ (n), f (n)). In both cases d is the word length distance on G associated to X = ∪ v∈V Γ X v .
We state an immediate corollary before proceeding to the proof.
Corollary 5.8. Let Γ be a finite graph, G a collection of finitely generated groups indexed by V Γ and G = ΓG the corresponding graph product. For each p ≥ 1, we have
Proof of Theorem 5.7. Write V Γ = {v 1 , v 2 , . . . , v n } and we follow the notation of Lemma 5.3 (2), by setting 
There is a straightforward way of extending φ
. Indeed, given z ∈ G and i ∈ {1, 2, . . . , n}, we can write z = (w
. On the other hand,
The last inequality follows from Equation (6) . Define φ = (⊕ p ) n i=1 φ i , where ⊕ p denotes the l p -direct sum. Then for all x, y ∈ G, we have
so that φ is also Lipschitz. On the other hand, for z = x −1 y we have
by Lemma 5.5.
and hence, the result follows.
A bound for the asymptotic dimension of a graph product
The asymptotic dimension is an invariant of metric spaces that was introduced by M. Gromov in [16] and has been broadly studied since then. Our main reference for this section is [2] . We write adim Γ ≤ n if the asymptotic dimension of Γ is at most n, and adim Γ = n if adim Γ ≤ n and adim Γ n − 1.
The asymptotic dimension is invariant under coarse equivalence. Hence, we can define the asymptotic dimension of a finitely generable group as the asymptotic dimension of its Cayley graph with respect to a finite generating set.
We will make use of the following facts. If C is a common subgroup of A and B, then Let Γ be a graph and G be a family of finitely generated groups indexed by vertices of V Γ and let G = ΓG. We would like to derive information about the asymptotic dimension of G in terms of the asymptotic dimensions of the vertex groups. By Equations (8) and (9) , it makes sense to consider the subgroups G S where S ⊆ V Γ spans a complete graph. Clearly, the asymptotic dimension can be bounded from below by the asymptotic dimensions of each subgroup G S . On the other hand, one can ask whether the asymptotic dimension of G equals the maximum of the asymptotic dimensions of the G S where S is a complete subgraph. This claim is not true: consider the free product of two finite groups and use the fact that the asymptotic dimension of a group is 0 if and only if the group is finite.
As the previous example indicates, the main problem is related to the case where the vertex groups are finite. We remedy this by considering max(adim G v , 1) instead of just adim G v . Theorem 6.3. Let Γ be a finite simplicial graph and let G be a family of finitely generated groups indexed by vertices of V Γ. Let G = ΓG. Let C be the collection of subsets of V Γ spanning a complete graph. Then (10) adim G ≤ max C∈C v∈C max(1, adim G v ).
We remark that this theorem generalizes the result of Dranishnikov [12] who, in our terminology, bounds the asymptotic dimension of a right-angled Coxeter group by the size of the biggest complete subgraph in the defining graph. Notice also that our bound is often sharp, see Example 6.4 below.
Proof. We argue by induction on |V Γ|. If V Γ = {v}, then adim G = adim G v ≤ max(adim G v , 1) and hence (10) holds.
Assume that |V Γ| > 1 and that the theorem holds for graph products over graphs with fewer vertices. Denote m = max C∈C v∈C max(1, adim G v ) and choose some vertex v ∈ V Γ. For any C ∈ C ∩ link Γ (v), we have that C ∪ {v} ∈ C, so 
Z has a natural structure as a graph product where all the vertex groups are either Z or Z/2Z. The underlying graph is a join of n sets of two elements and m sets of one element. Then, the biggest clique has size m + n, and thus from Theorem 6.3, adim G ≤ m + n. The group G is virtually Z m+n and hence adim G = m + n. This shows the bound predicted by the Theorem 6.3 is sharp.
